Abstract. Identifying non-uniform cracks in plates is a challenging problem worthy of exploration. 2D modal curvature is often utilized to detect damage in plates, but its capability to precisely identify non-uniform cracks has not been resolved well, largely due to two noticeable deficiencies, lack of sensitivity to damage and susceptibility to noise interference. With this concern, this study ameliorates the 2D modal curvature using the wavelet transform, whereby the wavelet 2D modal curvature is constructed. Damage features extracted from the wavelet 2D modal curvature can be employed to identify non-uniform cracks in plates. This wavelet 2D modal curvature enjoys the multiscale analysis characteristics introduced by the wavelet transform, leading to synchronous extraction of damage features and elimination of noise interference. These features endow the wavelet 2D modal curvature with the capability to identify non-uniform cracks under noisy conditions. The performance of the wavelet 2D modal curvature is verified by damage detection in a plate with a non-uniform crack. The results show the wavelet 2D modal curvature can effectively identify non-uniform cracks in plates under noisy conditions.
Introduction
After long-term operation of structures, incipient small-scale damage can accumulate and develop to large-scale damage, finally threatening the safety of the structures [1, 2] . Study of structural damage detection is therefore of great significance in science and engineering and has become a research focus during the past decades in the fields of mechanical, aerospace, and civil engineering [3] [4] [5] [6] [7] . Plate-like structural components are essential elements in many structures. Among the types of damage in plate-like structures, cracking is the most common. Most related research has focused on identifying cracks. However, little attention has been paid to characterizing the trend of change in depth or the weakening of the material properties along the cracks, ignoring the fact that in reality most cracks are non-uniform. Hence, characterizing non-uniform cracks is a challenging problem worthy of exploration. With this motivation, this study proposes a method for identifying nonuniform cracks, with the emphasis on characterization of non-uniformity.
Among the methods for damage detection in plate-like structures, the two-dimensional modal curvature (MC 2D )-based method has been widely investigated over the last two decades [8] . In proposing a new method, this study begins with the MC 2D . Representative studies of MC 2D -based damage identification in plates are summarized as follows. Yam et al. [9] created a damage index using the difference between a pair of MCs 2D for intact and damaged plates. The capability of this index to characterize damage was demonstrated on cracked aluminum plates. Qiao et al. [10] employed the MC 2D method to detect delamination in a composite laminate. The presence, location, and size of the delamination were effectively detected. Li et al. [11] developed two damage indices using MCs 2D , namely a bending moment index and a residual strain mode shape index, utilizing them to identify damage in a free-boundary plate. The results showed that damage indices could locate the damage accurately. Hu et al. [12] evaluated the x  and y  directional MCs 2D of a plate by individually differentiating a mode shape in the x  and y  directions, and utilized these MCs 2D to locate delamination in plates. Numerical results showed that sudden changes in the MCs 2D correctly designated the region of the delamination. Wu and Law [13] utilized the curvature of a uniform load surface resembling a MC 2D to indicate damage in plates, and the location of the damage was accurately identified. Yoon et al. [14] ameliorated the MC 2D method by the 2D gapped smoothing method (2D GSM) and utilized it to inspect plates for damage. The numerical and experimental results indicated that the method was capable of detecting damaged regions in plates. Yang et al. [15] proposed the Fourier spectral MC 2D method, and the method was proved to be effective in detecting damage in composite plates.
Despite the prevalence of the MC 2D method in identifying damage in plate-like structures, direct use of the method for damage detection in plates is hindered by its two noticeable deficiencies, lack of sensitivity to incipient small-scale damage and susceptibility to noise interference [16] . Addressing these two deficiencies, researchers in recent years have made efforts to improve the MC 2D method: Yoon et al. [14] proposed the 2D GSM to reveal small changes in the MC 2D caused by the damage, by which small damage can be correctly located. Yang et al. [15] utilized the 2D Fourier transform rather than second-order differentiation to produce the MC 2D , by which noise interference could be effectively suppressed. Recently, by ameliorating the MC 2D with the wavelet transform (WT) and Teager energy operator (TEO), Xu et al. [16] proposed an integrated method and successfully utilized it to identify the presence, location, and shape of an X-shaped notch in a plate with the aid of the non-contact measurement. Although a great deal of effort has been expended to deal with the two deficiencies of the MC 2D method, accurate extraction of small-scale damage features in the MC 2D under noise conditions is still a challenge of the method.
With this concern, this study addresses ameliorating the MC 2D by the WT, by which the wavelet MC 2D (including the RW (real wavelet)-MC 2D and the CW (complex wavelet)-MC 2D ) are presented progressively, allowing features to be extracted to identify non-uniform cracks in plate-like structures, with the emphasis on characterization of non-uniformity. This new wavelet MC 2D benefits from the characteristics of the multiscale analysis introduced by the WT, and can be utilized to for synchronous extraction of damage features and elimination of noise interference. Therefore, the new wavelet MC 2D features are considered capable of identifying non-uniform cracks under noise conditions.
Wavelet MC 2D Features for Identifying Non-Uniform Cracks
This section addresses ameliorating the MC 2D by the WT, by which the wavelet MC 2D (including the RW-MC 2D and the CW-MC 2D ) is presented progressively, allowing features to be extracted to identify non-uniform cracks in plate-like structures, with the emphasis on characterization of nonuniformity.
MC 2D
The MC 2D of a plate at 00 ( , ) xy is expressed as the sum of the partial derivatives of the mode shape W in the x-and y-directions, denoted as 
Damage in plate-like structures can cause change in the MC 2D ; in turn, modification of the MC 2D can manifest the presence of damage in the plate. The MC 2D method is a non-baseline method, that is, with no requirement for baseline information of structures, such as materials, geometry, and boundary conditions. Besides, the MC 2D possesses the property of isotropy, which means that it is capable of identifying cracks with arbitrary directions in plate-like structures [16] . 
This equivalent calculation procedure of the MC 2D is advantageous for simplifying the calculation of the RW-MC 2D and the CW-MC 2D presented in the following parts.
Wavelet MC

2D
As the WT is linear, the manner of calculating the MC 2D can be applied to the RW-MC 2D and the CW-MC 2D linearly transformed from the MC 2D , by which merely the 1D WT are required for the RW-MC 2D and the CW-MC 2D , with no need to use 2D WT involving more complex calculation.
By ameliorating the MC 2D with the wavelet, the MC 2D expressed in Eq. (14) (2) is replaced with the convolution of W and the window s g in the x-and y-directions, respectively. As the additional scale parameter s is introduced, the multiscale analysis of the WT for structural damage detection is established [17] : when the scale increases, noise interference can be eliminated while damage-caused singularity can be retained to characterize damage features, and the presence and location of damage can be identified by the singularity peak.
Method Verification
To verify the method, an aluminum rectangular plate simply supported in its four edges is taken as a specimen. The dimensions of the plate are length ; depth of the crack is nonuniform along the crack: the crack depth decreases from its maximum in the crack center towards the two crack tips, and vanishes at the crack tips (Figure 1) . The procedure described in Refs. [18] [19] [20] [21] [22] [23] is carried out to analytically generate mode shapes governed by half-wave numbers m and n , each consisting of 101 × 101 sampling points. Figure 1 . Rectangular plate with non-uniform crack whose depth is represented in gray.
MC 2D
The fundamental mode shape with m and n both being 1 is shown in Figure 2 . The 2 W  is obtained by Eq. (2), and shown in Figure 3 . In this figure, it can be seen that in the 2 W  , a slim peak appears at the crack location, but nearly masked by the global trends of the MC 2D , it is unreliable for identifying the crack in the plate. As stated in the introduction, lack of sensitivity to incipient small-scale damage is acknowledged as the first deficiency of the MC 2D method [16] . To simulate an actual normal noisy measurement condition, white Gaussian noise is incorporated to produce the noisy mode shape of 80 dB signal-to-noise (SNR). In the noise-contaminated MC 2D (Figure 4) , it can be seen that intensive noise totally obliterates actual crack features in 2 W  . Consequently, the MC 2D method is unable to identify the crack under such a normal noisy condition. Thus, susceptibility to noise is acknowledged as the second deficiency of the MC 2D method [16] . (Figure 4) , the RW-MC 2D can effectively eliminate the noise interference, largely overcoming the susceptibility to noise interference of the MC 2D . However, it is evident in Figure 5 that the crack-caused features in the Re* s W are still not prominent relative to its global trends. Hence, the deficiency in the MCs 2D (Figure 3 ) of insensitivity to small damage is still retained in the RW-MC 2D .
Noticeably, abnormal wavelet coefficients occur near the boundaries of Re* s W , referred to as the boundary effect of the WT on a signal with finite length. Interpolation [24] and padding [25] methods are two types of manipulation to deal with this boundary effect. For simplicity in practice, another simple type of manipulation of vanishing abnormal wavelet coefficients [16, 26] is employed in this study. W bears a sharply rising singular peak around the crack location, clearly designating the presence of the crack. In its planform (Figure 6(b) ), the strip of higher intensity clearly delineates the crack: the identified crack is located at =0.7  , spanning =0.2-0.3  , which corresponds to the actual crack location. In contrast to the RW-MC 2D , the CW-MC 2D can not only eliminate noise interference, but also extract more abundant damage features out of its global trends. Furthermore, the trend of change in the CW-MC 2D well characterizes the trend of change in depth along the crack: the crack depth decreases from its maximum in the crack center towards the two crack tips, and vanishes at the crack tips.
(a) (b) Figure 6 . CW-MC 2D for the fundamental mode shape (a) and its planform (b).
Conclusions
Plate-like structural components are essential elements in mechanical, aerospace, and civil engineering structures. In most research on identifying damage in plates, the damage is depicted with a uniform extension depth. On this assumption, various methods for detecting damage in plates have been developed, typically the MC 2D . However, the extent of extension of actual damage is hardly uniform but gradually reduced from the central point to the edge of the damage, referring to a non-uniform damage. Most traditional methods like the MC 2D are not competent to identify such damage. In this study, the CW-MC 2D is created to characterize non-uniform cracks in plates under noisy conditions. The results show that the CW-MC 2D is of solid capability of extracting damage features by eliminating noise interference.
